The matched eigenfunction expansion method is used for solving Stokes flow around a channel bend. The flow region is decomposed into rectangular and cylindrical subregions. This enables the stream function to be represented by means of an expansion of Papkovich-Fadle eigenfunctions in each of these two subregions. The coefficients in these expansions are determined by imposing weak C3 continuity of the stream function across subregion interfaces and then taking advantage of the biorthogonality conditions in both cylindrical and rectangular coordinates.
Introduction.
The flow and pressure drop through a pipe or channel bend is extremely important in the design of hydraulic systems. Due to the difficulty of theoretical analysis almost all data are experimental. If the size of the bend is small, such as that used in micro-fluids, the Reynolds number is very low and Stokes flow is valid.
In this paper the matched eigenfunction expansion method is used to solve Stokes flow around a channel bend. The use of the matching technique is motivated by the work of Trogdon and Joseph [22] in their study of plane flow of a liquid over a rectangular slot. They split the region into four subregions, which enables the stream function to be represented by means of an expansion of cartesian Papkovich-Fadle eigenfunctions in each subregion. Imposing boundary conditions and continuity of velocities and stresses across the common interfaces yields relations which were inverted using biorthogonality conditions. This led to an infinite system of linear equations which was then solved by truncations. Phillips [17] used a similar method for solving Stokes flow around a two-dimensional constriction.
The flow region is decomposed into a number of rectangular subregions. Within each subregion the stream function is represented by an expansion of eigenfunctions of the biharmonic operator. The coefficients in these expansions are determined by imposing C3 continuity of the stream function across subregion interfaces and then taking advantage of the biorthogonality conditions. A post-processing technique is also developed to improve the accuracy of the approximation around corners by determining the coefficients in the known locally convergent expansions of the stream function there. Phillips and Davies (1988) [18] used the method of matched eigenfunction expansions to solve Poisson's equation in a contraction region. They also described how the approximation may be post-processed in the neighborhood of a re-entrant corner singularity in order to obtain an improved and more rapidly converging representation since usually near the singularity the expansions converge very slowly.
The idea of matching eigenfunction expansions by decomposing the region has been done by different authors in various ways other than using the biorthogonality conditions. For example, using inversion or collocation techniques, Dagan, Weinbaum, and PfefTer [2] used matching eigenfunction expansions to solve the axisymmetric Stokes flow through a pore in a wall. The flow field is partitioned into two regions: an infinite half-space outside the pore and a cylindrical volume bounded by the walls of the pore. The solution they obtained led to Fourier, Fourier-Bessel, and Dini series which were all invertible over the common matching interface. A system of linear equations was obtained which was solved by successive truncations.
All the above sources cannot treat the flow through a channel bend. This is because biorthogonality conditions for a cylindrical sector are needed at the curved region. Such conditions were developed recently by Khuri [13] , which we shall utilize in our analysis. We shall also illustrate the matching method for different coordinate systems.
Formulation.
A two-dimensional infinite channel with a bend is filled with a viscous incompressible fluid (see Fig. 1 ). The fluid is set into motion by a fixed flow rate at infinity. In the absence of inertial terms we have Stokes flow; thus we are considering solving the biharmonic problem: V4^ = 0 in ft, (2.1)
where is the stream function and n is the direction normal to the boundaries. In (2.2)-(2.3) the no-slip conditions are imposed on the rigid boundaries of the region CI.
From the symmetry of the region we are only concerned here with subregions (I) and (II) shown in Fig. 1 . These eigenvalues are symmetrically located in the complex 5 and P planes respectively; we choose 5", Pn, n > 0, to be the first quadrant roots, which are arranged in a sequence corresponding to increasing size of their real part, and define S-n = 5" (n -1,2,3,...),
where the overbar designates complex conjugate. Then 4>i~n)(X) = 4^\Y) (n = 1,2,3,...), 2,3,...) are the eigenfunctions corresponding to the eigenvalues A_". Since the boundary data given in (2.7) and (2.9) are real, then
The following property of biorthogonality, see Joseph [5] We note that the complete solution ^n(r, 9) given in (2.25) contains sin(A"$) terms, but due to the symmetry with respect to 6 in subregion (II) (see Fig. 1 ), only the cosine term is retained. The coefficients an,bn,cn, dn and the corresponding eigenvalues An are also given in [13] .
In particular, the eigenvalues An satisfy sin An = ±/3\n,
These eigenvalues are symmetrically located in the complex A plane; we choose An, n > 0, to be the first quadrant roots, which are arranged in a sequence corresponding to increasing size of their real part, and define is the eigenfunction corresponding to the eigenvalue X-n. Since the edge data given in (2.7) and (2.9) are real, then F -~F 1 -n -x n• 3. Matching eigenfunction expansions. We must now match the two solutions given in (2.10) and (2.25). We shall require that the stream function and its first three partial derivatives with respect to X are continuous across the interface (i.e., when 6 = 6\ and X = 0) between region (I) and region (II). We impose C3 continuity of the stream function across subregion interfaces in order to determine the coefficients in the eigenfunction expansions. We require «I(O,r) = ®Ii(r,01), In the next section we describe how the coefficients Cn, Dn, and Fn are determined using biorthogonality conditions satisfied by the Papkovich-Fadle eigenfunctions.
Biorthogonality series solution.
We can find the coefficients Cn,Dn, and Fn by application of the biorthogonality conditions to the matching conditions given in Eqs. (3.56)-(3.59).
The biorthogonality conditions for general fourth-order differential equations were derived by Khuri (1994) [13]; these conditions for the sectorial geometry are briefly described as follows.
To prepare for the application of the biorthogonality condition we need first to express the matching conditions given in (3.56)-(3.59) in vector form. Differentiating both sides of Eq. (3.56) twice and using that We note here that the C[s and D[s are given explicitly in terms of the F-s. System (4.85) represents an infinite system of equations for the components of the vector F; this system is to be solved by truncation.
5. Numerical results and discussion. The first example we consider is flow in the region where a -3, b = 1, and 6\ = (see Fig. 1 ). The two subregions (I) and (II) shown in Fig. 1 are thus given respectively by Vi = {X, Y : -oo < X < 0,0 < Y < 2}, (5.86) Vii = jr, # : 1 < r < 3,0 < 0 < 7^ j .
(5.87)
The complex eigenvalues given in (2.15), (2.16), and (2.27) were found to be numerically accurate to eight decimal places using a subroutine from the IMSL Library based on Muller's method with deflation (see Tables 1-2) . A discussion of these eigenvalues is given in [13] .
Equations (4.85) form an infinite system of equations to be solved for the coefficients Cn, Dn, and Fn. n = ±1, ±2, To solve this system of equations we must truncate the infinite sums appearing in (3.56)-(3.59) to finite ones. We do this by replacing the lower and upper limits of summations by -N and N, respectively, for region (I) and by -ATV and for region (II). The truncated systems are then solved using a subroutine from the LINPACK Library based on Gaussian elimination with partial pivoting to compute the LU factorization of the complex matrix and then solve it. The coefficients of the truncated system that are given as integrals are integrated numerically using a subroutine from the IMSL Library based on the Gaussian Method.
The convergence of the solution of the truncated equations was then checked numerically at twenty mesh points on the interface between subregions (I) and (II). Convergence is reached when N is 24 where the two solutions ^i, "Jn together with their first three (Tables 3 and 4 ). The solution remains unchanged if N is larger than 24. Fig. 6 (see p. 592) shows the peripheral (azimuthal) velocity profile vg at different angles 6 in subregion (II) that is contributed by the infinite sum term in (2.25); these infinite sum terms add a small perturbation to the velocity profile of the parabolic and circular flows respectively. Flow starts at X --oo where the flow remains parabolic since the contribution of the infinite sum is negligible (see Fig. 3 ) until X = -1 where the effect of the bend starts to be felt; an increase in X from -1 to 0 is accompanied by a steady increase in the tilt of the parabolic profile towards the lower edge Y -0, see Fig. 1 , and the increase reaches its maximum at the interface where the tilt is towards the shorter edge r -1. Figure 6 shows that in subregion (II) and close to 9 = 0 we have negligible contribution from the infinite sum term; so we almost have a concentric flow; as the angle increases we have an increase in the tilt of the profile towards the shorter circular edge r = 1 compared with that of the concentric flow profile, and the tilt reaches its maximum when 9 = 80°; so as flow moves from subregion (II) to (I), i.e., close to the interface, there is a maximum tilt of the circular flow profile towards the shorter circular edge r = 1 and this tilt decreases steadily as the flow in the bend moves away from the interface and the tilt reaches its minimum at 9 -0. Figures 4 and 7 (see pp. 591 and 593) show the contribution of the infinite sum terms on the velocity profile along the center-line of the channel; they clearly show that in region (I) and away from the interface the velocity is the same as of a parabolic flow. Then as we move along the center-line towards the interface there is a steady decrease in the velocity while in region (II) and very close to the interface we have a sharp and significant increase in the velocity (compared with the velocity of a circular flow). As we move further away from the bend and also close to 9 = 0 we have negligible change in the velocity. The velocity components for subregions (I) and (II) are given by Eqs. (2.4) and (2.5), respectively. Complex roots A" r = 2) by the infinite sum terms appearing in (5.93), (5.95) are shown in Figures 8 and  9 , respectively, where close to the interface we have an abrupt and significant drop in the pressure, especially in region (II), i.e., around the bend. The second example we consider is flow in a thinner channel where a -2, b -2, and 0\ -j (see Fig. 1 ). The two subregions (I) and (II) shown in Fig. 1 In this case we decreased the width of the channel given in the previous example from 2 to 1. show the behavior of the velocity profiles in regions (I) and (II); the analysis is very similar to the previous two examples and, except for this thinner channel, the effect of the bend starts to be felt closer to the interface than that of the wider channel; for instance, in subregion (I) the flow is almost parabolic until X --0.5 where we start getting an increase in the tilt of the profile towards the lower edge; however, in the previous wider channel the effect started further away from the interface, namely when X --1.
The convergence of the solution of the truncated equations was then checked numerically at twenty mesh points on the interface between subregions (I) and (II). As in example 1 the two solutions vE'i, \I/ii together with their first three partial derivatives with respect to X given in Eqs. (3.28)-(3.31) match very well along the interface. In this paper, the matched eigenfunct-ion expansion method is used for solving Stokes flow around a channel bend. The flow region is decomposed into a rectangular and a cylindrical subregion. In each subregion the stream function is represented by means of an expansion of Papkovich-Fadle eigenfunctions. The coefficients in these expansions are determined by requiring weak C3 continuity of the stream function across subregion interfaces. Advantage is taken of the biorthogonality conditions in both cylindrical and rectangular coordinates.
This example illustrates the matching method for two different coordinate systems where the biorthogonality conditions in both systems are utilized. The method can be generalized to other flow regions that can be partitioned into domains defined in different coordinate systems, as long as the biorthogonality conditions in both coordinates are given.
One advantage of the present method is that the flow regions can be treated without limiting to finite domains, as in finite-element or finite-difference methods (see, for example, [12] ). In addition, due to the rapid convergence, only a few terms of the eigenfunction expansion are required to obtain accurate results. The computational time is much less than that needed for the direct numerical integration of the biharmonic equation.
